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MEAN-FIELD LIMITS: FROM PARTICLE DESCRIPTIONS TO MACROSCOPIC
EQUATIONS

JOSE A. CARRILLO AND YOUNG-PIL CHOI

ABSTRACT. We rigorously derive pressureless Euler-type equations with nonlocal dissipative terms in ve-
locity and aggregation equations with nonlocal velocity fields from Newton-type particle descriptions of
swarming models with alignment interactions. We crucially make use of a discrete version of a modulated
kinetic energy together with the bounded Lipschitz distance for measures in order to control terms in its
time derivative due to the nonlocal interactions.

1. INTRODUCTION
In this work, we analyse the evolution of an indistinguishable N-point particle system given by

T, =v;, t=1,....,N, t>0,

. 1 & 1 & (1.1)
ENV; = —7YU; — VIV(CL'l) — N ];VQCW(!EZ — l’j) + N J:ZI’Q/J(CL} — {Ej)(’l)j — ’Ui)
subject to the initial data
(2,0)(0) = (2:(0), 0:(0)), i=1,...,N. (1.2)

Here z; = z;(t) € R? and v; = v;(t) € R? denote the position and velocity of i-particle at time ¢, respectively.
The coefficient v > 0 represents the strength of linear damping in velocity, ey > 0 the strength of inertia,
V:R? - R, and W : R — R represent the confinement and interaction potentials, respectively. 1 :
R? — R, is a communication weight function. Throughout this paper, we assume that W and 1/ satisfy
W(z) = W(—2) and ¥(x) = o(—x) for € R%. They include basic particle models for collective behavior,
see [9] 23 [32] 30 [17] 4T, 42] and the references therein.

Our main goal is to derive the macroscopic collective models rigorously governing the evolution of the
particle system ([LT]) as the number of particles goes to infinity. On one hand, we will derive hydrodynamic
Euler-alignment models given by

dp+ V- (pu) =0,

Or(pu) + Vo - (pu © ) = —ypu— pVsV — pVaWW % p 4 p / el - u@) sy

in the mean-field limit: when initial particles are close to a monokinetic distribution po(z)dy, ) (v) in certain
sense and ey = O(1) as N — oo. On the other hand, we will show that the particle system can be described
by aggregation equations of the form

op+ V- (pu) =0, (1.4)
where

VP = —pVLV — VW kgt p / (e~ y)aly) — a())p(y) dy (1.5)

in the combined mean-field/small inertia limit: when initial particles are close to a monokinetic distribution
£0(2)0ug(2)(v), ¥ > 0 and ey — 0 as N — oo. For simplicity of notation when dealing with the mean-field
limit, we will take ey = 1 in the sequel.
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1.1. Mean-field limits: from particles to continuum. As the number of particles IV tends to infinity,
microscopic descriptions given by the particle system ([[ZI]) become more and more computationally unbear-
able. Reducing the complexity of the system is of paramount importance in any practical application. The
classical multiscale strategy in kinetic modelling is to introduce the number density function f = f(z,v,t) in
phase space (z,v) € R x R? at time t € R and study the time evolution of that density function. Then at
the formal level, we can derive the following Vlasov-type equation from the particle system (1)) as N — oo:

Of +0-Vaf = V- (W + VoV + VoW xpp)f) + Vo - (Fa(f)f) =0, (1.6)

where p; = py(z,t) is the local particle density and F,(f) = F,(f)(x,v,t) represents a nonlocal velocity
alignment force given by

pi(at) = | flo,v,t)dv
]Rd
and

Rty = [ e =) =) (0.0 dyce,

respectively. Let us briefly recall the reader the basic formalism leading to the kinetic equation (LG]) as the
limiting system of (LI). We first define the empirical measure pV associated to a solution to the particle

system (L)), i.e.,
| X
i (@) = 5 Y Oy (0)-
i=1

As long as there exists a solution to (I.1]), the empirical measure p'¥ satisfies () in the sense of distributions.
To be more specific, for any ¢ € C}(R? x R?), we get

d d1 g
N _
a Ra @(Ia 1)) oy (d{Ed’U - d_ N g I’L U’L )

N
=N Z Vaip(wi(t), vi(t)) - vi(t) + Vop(wi(t), vi(t)) - vi(t)) -
Notice that the particle velocity can also be rewritten in terms of the empirical measure pv
Ui(t) = yvi + VoV (i) + / VaW (i —y) i (dydw) + / Ui —y)(w — i) py (dydw).
R4 xR R4 xR
This implies that the right-hand side of (7)) can also be written in terms of the empirical measure u a

d
S o) i (drdv) = / V(e 0) il (dadv)
R4 Rd xRd

-/ vvw<x,v>-<w+vzv<x>+ / vxwu—yw(dydw)) i (dedv)
R4 xR R4 xR

+ /RR Vop(z,v) - </RR Pz —y)(w —v) ,uiv(dydw)) gy (dwdv).

This concludes that p?V is a solution to () in the sense of distributions as long as particle paths are
well defined. In fact, if the interaction potential W and the communication weight function 1 are regular
enough, for instance, bounded Lipschitz regularity, then the global-in-time existence of measure-valued
solutions can be obtained by establishing a weak-weak stability estimate for the empirical measure, see [41],
Section 5] for more details. The mean-field limit has attracted lots of attention in the last years in different
settings depending on the regularity of the involved potentials V, W and communication function . Different
approaches to the derivation of the Vlasov-like kinetic equations with alignments/interaction terms or the
aggregation equations have been taken leading to a very lively interaction between different communities of

researchers in analysis and probability. We refer to [3, BT 57, [60, [39, [42, 17, 2, [7, 26| 27, [45] 49| 50, [51]

for the classical references and non-Lipschitz regularity velocity fields in kinetic cases, to [44] [43] for very

related incompressible fluid problems, and to [46] [14] [6, 38| [47] (33| [40, 56, 58| T3] 59, 4] for results with more

emphasis on the singular interaction kernels both at the kinetic and the aggregation-diffusion equation cases.
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1.2. Local balanced laws, the mono-kinetic ansatz, and the large friction limit. We introduce
several macroscopic observables; local momentum pyuy : REx Ry — R? local energy pyEy : RIx R, — Ry,
strain tensor Py : RY x Ry — R? x R, and heat flux ¢; : R? x Ry — R defined as

pruf ::/ vfdv, prEf ::/ lv|>fdv, Py ::/ (u—v)® (u—0)fdv,
R4 R4 R
and
qr :=/ |v —ul?(v — u) f dv.
Rd

Here - ® - stands for (a ®b);; = a;b; for a = (ay,...,a4) € R and b = (by,...,bs) € R%. Then, at the formal
level, by taking moments of the kinetic equation ([Z6]), one can derive the following system of local balanced
laws:

Owps + V- (prus) =0, (z,t) € RY % Ry,
Ou(prup) + Ve - (prur @uyp) + V- Py
= —ypsus — prVaiV — psVaoW K ps + py /d V(@ —y)(up(y) —up(z))pr(y) dy,
R
O(psEr) + V- (prErup + Prug + qy)
= —prEr —pruy - VoV —prup -V, W xpy

by [ 60— ) 0y (0) - us0) = By (@) psto)

(1.8)

The system ([8) is not closed. Suitable closure assumptions are not known so far even in cases where
noise/diffusion is added to the system. However, at the formal level, we can take into account the mono-
kinetic ansatz for f, as done in [I5, [I§], leading to

f(z,v,t) ~ pf(:b,t)éuf(zﬁv)(v). (1.9)

Then the strain tensor and heat flux become zero and the system (L8] closes becoming the pressureless
Euler equations with nonlocal interaction forces (L3)):

Oip+Va-(pu) =0, (r,t)€RIxR,,

O+ u-Vau=—yu— Vi,V =V, Wkp+ /]R Y(x —y)(uly) — u(z))ply) dy,

Olul® +u- Valul’ = —yul® —u- VoV —u- Vo Wkp+ /Rd Yz —y) (up(x) -uly) — [u(@)]?) ply) dy

on the support of p. Notice that we have eliminated the subscript ¢ in the hydrodynamic quantities since
the system ([L3)) is now closed, the last equation is redundant but it gives a nice information about the total
energy of the system. Although the monokinetic assumption is not fully rigorously justified and it does
not have a direct physical motivation, it is observed by particle simulations that the derived hydrodynamic
system shares some qualitative behavior with the particle system, see [29, [15] [17, 18, [19, @]. Note that
(3] conserves only the total mass in time in this generality. However, the total free energy is dissipated
due to the linear damping and the velocity alignment force as pointed out in [I6] for weak solutions of this
system. The hydrodynamic system (L8] has a rich variety of phenomena due to the competition between
attraction/repulsion and alignment leading to sharp thresholds for the global existence of strong solutions
versus finite time blow-up and decay to equilibrium, see [61], [0} 12, [1T] 24].

It is worth noticing as in [I5] that the mono-kinetic ansatz for f is a measure-valued solution of the kinetic
equation (L6). More precisely, one can show that p(x,t)d, ) (v) is a solution to the kinetic equation (L)
in the sense of distributions as long as (p, u)(z,t) is a strong solution to the hydrodynamic equations (L3]).
Indeed, for any ¢ € C}(R? x R?), we obtain

d

% Rdx R4
_d
T dt Jya

@(Ia U)p(I, t) 5u(m,t) (dv) dx

o(x,u(z,t)pla, t) de = /

o(x,u(x,t))0pde +/ (Vo) (z,u(z,t)) - (Qwu)pda =: I + Is.
Rd

Rd
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Using the continuity equation in ([I3]), [; can be easily rewritten as

L= [ Valpleu(en) - (ou) e

— [ (a0e0) (e do)do+ [ (Tup)(o (e 0) - plu- Voud.
R4 xRd

Rd

By multiplying the velocity equation in (L3) by p and using (V,¢)(x,u(z,t)) as a test function to the
resulting equation yields

I = —/ (Vo) (@, u(z, t)) - (Opu)pdr — / (Vo) (@, u(x,t) - (yu+ ViV + VW xp) pdx
R4 Rd

+ / (Vo) (@, u(z, 1)) - (uly) — w(@))(z — y)p(x)p(y) dedy.
R4 xR

Then similarly as before, we can rewrite the second and third terms on the right hand side of the equality
by using the mono-kinetic ansatz (L9). This implies

I = —/ (Vo) (@, u(z, 1)) - (Opu)p da —/ (Vo) (@,0) - (o + ViV 4 Vo Wk p) pbu(a,y (dv) d
R4 R4

[ ) (= 00— ) ()P0t () ddy.
R4 xR

Combining all of the above estimates yields

G| @) e @) de = [ (Vo)) 0 o) da

R2 x R4

= [ (T 00) - (0 VoV VW ) )

+ / (Vo) (@.0) - (w0 — 0 — 9)p(2)Bu(o) (A0) p(y)Buty (o) drdy.
R4 xRd

This shows that p(,1)0, () (v) satisfies the kinetic equation (L) in the sense of distributions.

Finally, we will be also dealing with the small inertia limit for both the kinetic equation (6l and the
hydrodynamic system (L3) combined with the mean fieild limit. In the small inertia asymptotic limit, we
want to describe the behavior of the scaled kinetic equation

E(atf +v- vmf) —Vy - (('7’0 + V.V + V. W *pf)f) +V, - (Fa(f)f) =0, (110)
and the scaled hydrodynamic system
dp+ V- (pu) =0,

e(0(pu) + Vi - (pu@wu)) = —ypu — pViV — pVo W % p + p/Rd Y(x —y)(u(y) —u(@)) ply) dy,

in the limit of small inertia e — 0. At the formal level, the equations ([LIT]) will be replaced by (4)-(TH)
as € — 0. The limiting nonlinearly coupled aggregation equations (L4)-(LH) have been recently studied in
[34, B5]. Several authors have studied particular choices of interactions V, W and comunication functions
1 for some of the connecting asymptotic limits from the kinetic description (LI0) with/without noise to
the hydrodynamic system (LII) in [52] B7, B [§], from the hydrodynamic system ([LIT)) to the aggregation
equation (C4)—-(TH) in [54, B3, 20], and for the direct limit from the kinetic equation to the aggregation

equation ([CA)—(TH) in [48] [].

1.3. Purpose, mathematical tools and main novelties. Summarizing the main facts of the mean-field
limit and the monokinetic ansatz in Subsections 1.1 and 1.2, both the empirical measure p'¥ (t) associated to
the particle system (L) and the monokinetic solutions p(x,t)d, (s ¢, With (p,u)(z,t) satisfying the hydro-
dynamic equations (3] in the strong sense, are distributional solutions of the same kinetic equation (L6l
In order to analyse the convergence of the empirical measure ¥ to p(z, t)du(a,t), the goal is to establish
a weak-strong stability estimate where the strong role is played by the distributional solution p(x,t)d, ¢

(1.11)
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associated to the strong solution of the hydrodynamic system ([3]). Our main goal is then to quantify the
following convergence

uiv(x,v) — p(x,t)5u(m7t) (v) as N — o0
in the sense of distributions for both the mean-field and the combined mean-field/small inertia limit for well
prepared initial data. Our main mathematical tools are the use of a modulated kinetic energy combined
with the bounded Lipschitz distance in order to control terms between the discrete particle system and the
hydrodynamic quantities. Let us first introduce the modulated kinetic energy as

1
—/ flv —ul? dzdv, (1.12)
2 Jraxrd

where f is a solution of kinetic equation ([L6) and wu is the velocity field as part of the solution of the
pressureless Euler equations (L3). We would like to emphasize that the quantity (ILI2]) gives a sharper
estimate compared to the classical modulated macroscopic energy. Indeed, the macro energy of the system
m
EU):=—

([C3) is given by
oF with U := (Z), m = pu.

Thus its modulated energy, also often refereed to as relative energy, can be defined as

m/[>

E(Uf|U) = E(Uf) - E(U) - DE(U)(Uf - U) with Uf = (Zf) , Mg =pruf.
P
A straightforward computation gives

1
EU;|U)dx = —/ prlup —ul?de. (1.13)
Rd ’ 2 Rd ’

On the other hand, by Holder inequality, we easily find

pilu < [ oPs o
Rd

This yields

/ f|v—u|2d:1:dv—/ pf|uf—u|2d:1::/ |v|2fd3:dv—/ prlus|? dz > 0.
R4 x R4 R4 R4 xRY R4

In fact, we can easily show that
/ flv—ul? d;vdvz/ prlug —u|2dx+/ flv —uy|? dedv. (1.14)
R4 xR? R4 R4 xR?

This shows that the convergence of the modulated kinetic energy (II2)) implies the convergence of the mod-
ulated macro energy (LT3). We notice that if f is a monokinetic distribution, f(z,v,t) = ps(2,t)dy; (2,¢)(v),
then the second term on the right hand side of (ILI4]) becomes zero, and the two modulated energies (L12)
and ([CI3) coincide. For notational simplicity, we denote by Z (¢) = {(z:(t), vi(t))}}¥, the set of trajectories
associated to the particle system ([LI). Then let us define the first important quantity that will allow us to
quantify the distance between particles (II)) and hydrodynamics (I3), it is just the discrete version of the
modulated kinetic energy (LI2]) defined as

N
ENEN W) =y [l o) = 53 uCait),0) = (0, (1.15)
2 Jraxra 2N pt

The second quantity that will allow us our quantification goal combined with the discrete modulated
energy (LI is a classical distance between probability measures, the bounded Lipschitz distance, used
already by the pioneers in kinetic theory [3, 57, [60] in the early works for the mean-field limit. Notice that
the pressureless Euler system ([3)) includes the nonlocal position and velocity interaction and alignment
forces. Furthermore, its relative energy/entropy has no strict convexity in terms of density variable due
to the lack of pressure term. In order to overcome these difficulties, ideas of combining the modulated
macro energy and the first or second order Wasserstein distance have been recently proposed in [5, 211 28] [§]
quantifying the hydrodynamic limit from kinetic equation to the pressureless Euler type system. More
recently, in [22], a general theory providing some relation between a modulated macro energy-type function
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and p-Wasserstein distance is also developed. In particular, in [22] Proposition 3.1], it is discussed that the
p-Wasserstein distance with p € [1,2] can be controlled by the modulated macro energy functional.

In the present work, we will employ the bounded Lipschitz distance to provide stability estimates between
the empirical particle density p" defined as

N
pY@ = [ (@) = 5 bn0(@)

with pV be the empirical measure associated to the particle system ([I]), and the hydrodynamic particle
density p solution to (I3). More precisely, let M(RY) be the set of nonnegative Radon measures on R?,
which can be considered as nonnegative bounded linear functionals on Co(R%). Let u,v € M(R%) be two
Radon measures. Then the bounded Lipschitz distance, which is denoted by dgz, : M(R%) x M(RY) — R,
between p and v is defined by

¢(x)(p(dz) — v(dr))

Rd

dpr(p,v) == sup
PEQ

3

where the admissible set 2 of test functions are given by
0= {¢ ‘RY S R ||¢||n~ < 1, Lip(¢) := sup

We also denote by Lip(RY) the set of Lipschitz functions on R?. In Proposition below, we provide a
relation between the bounded Lispchitz distance and the discrete version of the modulated kinetic energy
([I3). This key observation allows us to overcome the difficulties mentioned above.

1.4. Main results and Plan of the paper. We will first assume that the particle system (1), the
pressureless Euler-type equations (L3]), and the aggregation equations ((L4)—(LH) have existence of smooth
enough solutions up to a fixed time T" > 0. We postpone further discussion at the end of this subsection,
although we make precise now the assumptions needed on these solutions for our main results. For the
limiting hydrodynamic system ([3]), we need classical solutions in the following sense.

Definition 1.1. Let T > 0. We say that (p,u) is a classical solution to the equation ([L3) if the following
conditions are satisfied:

(i) p>0onRYx[0,7), peC(0,T); P(RY) and u € L>(0, T; WH>(R4)),

(i) (p,u) satisfies (L3) pointwise.
Here P(R?) denotes the set of probability measures in R.

Our first main result shows the rigorous passage from Newton’s equation (L)) to pressureless Euler
equations ([3) via the mean-field limit as N — oo.

Theorem 1.1. Let T > 0, ZN(t) = {(z:(t),vi(t))}, be a solution to the particle system (L)), and let
(p,u) be the unique classical solution of the pressureless Euler system with nonlocal interaction forces (L3))
in the sense of Definition [Tl up to time T > 0 with initial data (po,uo). Then we have

/d q |U_u($=t)|2uiv(dxvdv) +d2BL(piv(')7p('7t))

RY xR (1.16)

<[ o wPu o) + dbolof ).
d Rd

where C > 0 only depends on ||ull L<nLip, [[¥||L<nLip, VW |lwie, and T'. In particular, if the intial data
for (L) and ([L3) are chosen such that the right hand side of the above inequality goes to zero as N — oo,
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then the following consequences hold

N
1
/ v (dv) = — Zvi 80, = pu weakly in L>(0,T*; M(R?)),
R4 N=

N
1
/ (v @) ™ (dv) = N Z(Ul @ ;) by, = pu@u  weakly in L0, T M(R?), and
R i=1
pN — pd,  weakly in L>=(0,T*; M(R?))
as N — oo.

The main novelty of this first result resides in how to control the alignment terms via the modulated
energy combined with the bounded Lipschitz distance.

Remark 1.1 (Singular repulsive interaction). The previous result also applies to singular repulsive interac-
tion potentials. In particular, it holds for the Coulomb interaction potential on R? given by

]

—5 ford=1,

1
N(x) = 5 log || ford =2,
! ! ford >3,

d(d — 2)ag |z|4—2
and for Riez potentials in a sense to be specified in Subsection 2.53. In fact, the expected stability estimate
([TI8) can be formally substituted by

Lot Pl o)+ [ VA (0 = ) o+ i (0 ()on11)

<o [ o= wlPu o) + dbolof o)+ [ 19N - miPa) .
R4 xR4 R4

where C' > 0 only depends on ||u||penLip, |¥||LnLip, and T and corresponding solutions to the particle and
the hydrodynamics system for W = N. However, the formal integration by parts leading to such expected
stability term for the interaction potential does mot make sense due to the singularity of the Newtonian
potential. This has been recently solved in the recent breakthrough result in [59] by introducing a different
relative potential energy avoiding the diagonal terms.

Section 2 is devoted to the proof of Theorem [[L1] and the generalization to singular repulsive potentials
using [59] in its last subsection.

Our second main result is devoted to the asymptotic analysis for the particle system (1)) under the small
inertia regime: ey — 0 as N — co. By Theorem [[.1] we expect that for sufficiently large N > 1, the system
(1) in the mean-field/small inertia limit can be well approximated by

Oup+ V- (51) = 0,
enOu(pE) + eV, - (5 ® ) = —ypi — PV, V — VW %+ p / (e — y)(aly) - () ply) dy.

At the formal level, since ey — 0 as N — o0, it follows from the momentum equations in the above system
that the hydrodynamic system (L3]) should be replaced by (L4)—([LH) as N — oo. In order to apply our
strategy above, we rewrite the equations (L4])—(LH) as

Oip+ Ve - (pu) =0,
ENat(ﬁa) +enVa- (ﬁﬂ ® ﬁ) = —pu— pVaV — pVa W p

4 [ bla = )(a() ~5() o) dy-+ e

where € := 0+ - V,u. We now introduce the needed notion of strong solution to the equation ((L4)—(T3)
for our purposes.

(1.17)
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Definition 1.2. Let T € (0,00), we say that (p,u) is a strong solution to the equation (LA)-(LH) if the
following conditions are satisfied.

(i) p€C([0,T); P(RY) and p > 0 on R? x [0,T),

(ii) @ € L>(0, T; WH(RY)) and dyu € L= (R? x (0,T)),

(iii) (p, ) satisfies (LA)—(LH) pointwise.
Remark 1.2. If V =0 and v > 0 is sufficiently large, then we can check that ||| e o, ryn1.00) and ||0st| e
can be bounded from above by some constant, which depends only on ||[VW |lyw1.eo, [[t0]| w100, |15l o 0,7511)
and . We refer to |22 Remark 2.5] for details. For general confinement potentials, we can also deal with
general strong solutions for compactly supported initial data since their support remains compact for all times.
We refer to [1, 12] for particular instances of these results.

We can now state our second main result related to a weak-strong stability estimate in the combined
mean-field/small inertia limit.

Theorem 1.2. Let T > 0 and d > 1. Let ZN(t) = {(x;(t),vi(t))}X, be a solution to the particle system
1), and let (p,u) be the unique strong solution of the aggregation-type equation (LA)—([LH) in the sense of
Definition [L2 up to time T > 0 with the initial data po. Suppose that the strength of damping v > 0 is large
enough. Then we have

d%, (pN (), p / /]R . lv — a(x, s)|?ul (drdv) ds
d>< d
< Cey / o — tt0(2)2u) (dedv) + Cdly (o) po) + CE
R4 xRd

and

LBy (0N ()5 ) + / v — (e, 1) 2l (dedv)
EN

Re xR

C
<C(1+ EN)/ v — g () (dwdv) + _dBL(Po ,po) + Cen
R4 xRd

for all t € [0,T], where C' > 0 is independent of ex and N but depending on ||u|| oo r;w1.), [0st| L=,
(IVW |ypi.e0, [|%]lwwiiee, and . In particular if the initial data satisfies

[ o= wo(a)ud (dodo) + das (s o) < o (1.18)
R*xR

for some Cy > 0 which is independent of ey, then we have

t
dBr (o7 (), (-, 1)) +/ / lv — @(x, s)|?ul (dedv) ds < Ce%
R xR
and
/ |v — a(x, t)|>ud (dedv) < Ceyn
R xR
for all t € [0,T], where C > 0 is as above.

Remark 1.3. By using the same argument as in Theorem [I 1], under the assumption (LI8) the following
consequences hold:

N
/Rd vl (dv) = %;vz 0z, — pti weakly in L>=(0,T*; M(RY))

and
N — poy  weakly in L>°(0,T*; M(RY))
as N — oo.

Section 3 is devoted to the proof of Theorem and the generalizations to singular repulsive potentials.
Finally, we complement these results by showing the existence of solutions to the particle system (L)) in
Appendix [A] and the existence and uniqueness of strong solutions in the sense of Definition [I1] for the
hydrodynamic system (3] in the final Section 4 of this paper.
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2. MEAN-FIELD LIMIT: FROM NEWTON TO PRESSURELESS EULER

In this section, we provide the details of the proof for Theorem [Tl As mentioned before, one of our main
mathematical tools is the discrete version of the modulated kinetic energy £V (ZN (¢)|U(t)) defined in (LI5).

2.1. Proof of Theorem [I.Jk quantitative bound estimate. In this part, our main purpose is to give
the quantitative bound estimate of the discrete modulated kinetic energy EN (ZN (¢)|U (t)).

Proposition 2.1. Let T > 0, ZN(t) = {(2:(t),v:(t))}}Y, be a solution to the particle system (1)), and let
(p,u) be the unique classical solution of the pressureless Euler system with nonlocal interaction forces ([L3))
in the sense of Definition [T up to time T > 0. Then we have

d 1 &
EgN(ZN(tHU(f)) +29EN(ZN(B)|U () + N ;w(% — yi)lvi — u(z;)? (2.1)
< CEN(ZN)|U(1) + CdbL(py (), p(-, 1)),
where C' > 0 is independent of N and .

Proof. By the notion of our classical solution, we obtain from the momentum equation in (I3)) that
O (u(wi(t), 1)) = vi(t) - Voulw;(t ) t) (Oru) (i (t), 1)
= (ui(t) = u(zi(t),1)) - Vau(zi(t),t) —yu(zi(t)) — Vo V(zi(t)) — (VoW % p) ()

/ Pa(t) — )y, 1) — u(zs(t), 0)p(y, 1) dy.

Then using this and (1)), we estimate the discrete modulated kinetic energy functional as

N
SENENOIU0) = 3 Y wles0)0) — w(0) - Quula(0) 1) + ile) - Voula(6),) — (1)
N
= = S @lan(t), 1) wi(6) - (i) — uler(0), 1)) - Vi), 1)
zle
-2 D fulwi(t),t) - wi(B)?
1 . (2.2)
= D lai(0),8) = vil6)) - (VaW % p) () = (ValW 5 o) (a2)
i=1
1 N
+ 5 2 (ulai(t),8) = vi(t) - Flaa(t), vi(#))
, i=1
=: ZI“
where .

F(zi(t),vi(t) = Rdi/)(fm(t) —y)(u(y, t) —u(zi(t), 0)p(y, t) dy — de zi(t) — ;) (v; (t) — vi(t)).
Here I; can be easily estimated as

I

N
% Z Vou(wi(t), 1) (u(zit), t) — vi(t)) © (vi(t) — ulzi(t), 1))

IN

IVau( IILw—Zlu wi(t),t) — vi(t)]”

=2||Vau(, )HLoogN(ZN( NU(#))-
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By definition, we obtain Iy = —2yEN(ZN ()|U(t)). We next estimate I3 as
L
I=-% Z(u(xi(t),t) —vi(t) - (VoW % p)(i(t),1) — (VoW p™)(2:(1), 1))
N
= 7 D0 u(as0).0) - (T W s =i 0

On the other hand, the fact V,W € W gives

[(VaW k(o= pM ) Ol < IVaWlhwrwdpr (™, p),

and subsequently this asserts
1
Is < |[VaW|wreedsr(pN, p) (NZm — (g ,t)|>

1/2
< VW lwr.dpL(p ,p< Zm i ,t)|2>
= [IVaWlwiedpr(p™, p)/EN(ZN (1)U (1))

For the estimate of I, we note that

N

Z 1)) (v (t) — vi(t))

) N

= N_wai(t)—xj(t))(vj(t)—u x;(t Z wi(t) — 2;(8)) (ulz; (£), £) — vi(t))
::Jlj—; JQ. B

Then we rewrite Jo as
Jy = / Blai(t) — y) (u(y, 1) — i ()p™ (4, 1) dy.
]Rd

This yields

1¢:1N j=1
ty ;(U(Iz) — i) /Rd (i = y)(uly) — u(z:)p(y) dy — . (i —y)(uly) —vi)p™ (y) dy>
= I +1;

Here we can easily estimate I} as

1 N

2 N
If <[z~ <N > (uf;) - Uz‘)) < H¢||L°°% > fulai) — il = 2)|¢ )| L= EN (ZN @)U (1))

i=1 i=1
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Note that
¥ /d (8 —u(z:))(p" (y) = p(y)) - (uly) — u(xi)) dy
11 N
=¥ D(w; —y) (i —ulz:)p™ (y) - (uly) — ulz:)) dy
i=1 /R?
p-2 3 N d
FIE = 3  — w0 () — )
N
= 3 Do =l — (o)
that is,

N
= iz (i —y) (v — (@) (p™ (y) = p(y) - (u(y) — u(z:) dy——Z¢ — yi)|vi — u(a)]?.
N £~ Jou

On the other hand, we can estimate
N

where

N
1
|K1|§NZ|W u(z;)

/ e () — p(y)) dy

< IIMI\meLwN Z [vi = u(@:)| dpr(p™, p)

=1
N

1/2
1
< [[Yullenrip <N Z |vi — u($i)|2> dpr(p™,p)

< WullLenLipV2y/ EN(ZN @)U (1) dpL(p”, p).

Similarly, we also find

/ e — p(y)) dy

| K| <N |Uz — u(w;)||u(z;)

< HUHLwllﬂfllenLip\/— EN(ZNW)|U ) dpr(p™ . p).
Combining all of the above estimates, we have

d

N
ZEVETWU®) + 29N (2N (1) Z = yi)lvi — u(w)|?
i=1

< 2([IVaul, )z + [¢llz=) EX (ZN ()|U(2))

+ V2 ([l Lo + [uls )l [l nzip + Ve W lwie) \/EN (ZN(O|U () dbL(pf (-), p(-:t)).
This completes the proof.
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Remark 2.1. We assumed that the communication weight v is nonnegative, which takes into account the
velocity alignment forces, however a similar bound estimate for the discrete kinetic energy EN to that in
Proposition [21] can be obtained. Indeed, if 1b can be negative, but bounded, then the third term on the left
hand side of 1)) can be estimated as

NZUJ —yi)lvi —u(zi)]?| < 29 L=EN(ZV|0).
This yields
%5N(ZN(t)IU(t)) +2EN(EZN@)|U(1) < CEM(EZNO|U(1) + CdhL (07 (), p(-, 1)),

where C' > 0 is independent of N and ~y.

In order to close the estimate in Proposition 2.1l we need to estimate the bounded Lipschitz distance
between p’V and p. In the proposition below, we provide the relation between the bounded Lipschitz distance
and the discrete modulated kinetic energy.

Proposition 2.2. Let pV and p be defined as above. Then we have

t
Al (). p(1) < O (. ) +.C [ €Y (E (9)U(9) s
where C' > 0 depends only on ||ul| (0, 1;Lip) and T

Proof. Consider a forward characteristics n = n(x,t) for the system ([3)) satisfying the following ODEs:

W — u(n(@,),1) (2.3)

subject to the initial data: n(z,0) = z € R?. The characteristic 7 is well-defined because of the Lipschitz
continuous regularity of u. Note that along the characteristic, the solution p can be written as the mild form:

t
P, 1).1) = polx) exp (— [ -u)(n(x,s>,s>ds) ,
0
and thus we get
t
pola) = p(n(a, 1), ) exp ( [ 2w, ds) — p(na. 1), et (Vo)1) .
0
This together with using the change of variables yields

/ d(n(z,t))po(z da:—/ o(n(z,t))p(n(x,t), t)det (Vyn)(x,t)) de = o(z)p(x,t) dz (2.4)

Rd
for ¢ € (L> N Lip)(R?). Moreover, we find from (23] that

In(z,t) —n(y,t)| = |z —y + /0 (u(n(z,s),s) —u(n(y,s),s))ds

t
<lo = ol + fullusp [ Ine5) = (o )] ds
0
and applying Gronwall’s lemma to the above gives

In(z,t) =0y, t)| < Clz —yl,
where C' > 0 depends only on [|u| e (o,7;1ip) and T', i.e., n is Lipschitz continuous in R?. We also get

i (t) = n(x, )| < [2:(0) — x| +/0 [vi(s) = u(n(z, s), s)| ds.

Here the second term on the right hand side of the above inequality can be estimated as

/0 i (s) — u(n(z, s), )| ds < / 03 (8) — u(zi(s), )| ds + / u(z:(s), ) — uln(z, ), )| ds
s/o foi(s) — u(zi(s), )|ds+||u||m/ l2i(s) — n(z, 5)| ds.
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Thus we get

) = . < 230) =51+ [ ls) = (a0 ) s + g [ 10:06) =t )l

and applying Gronwall’s lemma to the above deduces

[2:(t) — n(z,8)] < Clea(0) — 2] + C / Jui(5) — u(zi(s), 9)] ds,

where C' depends only on ||ul| (0, 7;Lip) and T'. In particular, by taking 2 = z;(0), we get

|zi(t) = n(2:(0), )] < C/ |vi(s) = u(zi(s), s)| ds.

Then for any ¢ € (L°° N Lip)(R?) we use ([Z.4) to estimate

N
Rd«é(w)(pN =|% g ¢( (z,1))po da
N 1 N
=% g (n(=:(0), t)))+ﬁ ; d(n(:(0),1)) o(n(x,t))po dx
1 1
<y Z |p(xi(t)) — Pp(n(z:(0),t))]+ N Z d(n(z:(0),1)) o(n(x,t))po dx
Ly + Lo B

For Li, we use the Lipschitz continuity together with ([Z6]) to obtain

|¢HL1pZ| 1 _ ) )|< |¢Hsz/ Z| v; —’U,:EZ ),S)|d5
1/2 .
< ¢lleipVT Zlvz —u(zi(s),s)Pds | = |¢llLipVT [ EV(ZN(s)|U(s)) ds
0

For the estimate of Lo, we notice that

—Z¢ (z;(0 /(b :Ctpod:v
Using this identity, the Lipschitz estimate for n in ([Z3), and the fact ¢ € (L> N Lip)(R%), we find
|, o0(@.0)(e5 —po) dx
Putting (Z8)) and (Z3)) into 7)) yields

+ 1/2
dpr(py (), (1)) < Cdpr(py, po) + C (/0 EN(ZN(S)IU(S))dS>

for 0 <t <T, where C' > 0 depends only on [|u| e (o,7;Lip) and T'.

1/2

< (Igllz= + 6l ipllnllzip) dBr(pd’, po).

13

(2.6)

(2.7)

(2.8)

(2.9)

O

Proof of Theorem[I1l Applying Gronwall’s lemma and Young’s inequality to the differential inequality in

Proposition 2.1] yields

t
EMEZN W)U (1)) < CEN (24 [Uo) +C/ (0 (), p(,5)) ds,
0
where C > 0 is independent of N. We then use Proposition 2.2] to have
ENEZNMIU®) +dBL(pr (), p(-,1)) < CEN(Z5"|Uo) + CdL(py', po)

+c/ a2, (0N (), p ))ds+C/ EN(ZN(9)|U(s)) ds

We finally apply Gronwall’s to the above to conclude the desired result.
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2.2. Proof of Theorem [I.1k convergence estimates. In this part, we provide the details on the proof
for convergences appeared in Theorem [[LT} For this, it suffices to prove the following lemma.

Lemma 2.1. (i) Convergence of local moment:

dpr, (/RdU“N(dv)’ pu) < (/]Rded v —u(gg)|2MN(dxdv))1/2 + Cdpr(pN, p).

(ii) Convergence of local energy:
dpr, </ (v @) N (dv), pu ®u>
Rd
1/2
< / |v — u(x)|?1? (dedv) + C </ |v—u(3:)|2,uN(d3:dv)) + Cdgr(pN, p).

R4 xR4 R4 xR4

(iii) Convergence of empirical measure:
Thoi™8,) < C [ | o= ul@) u¥(ded) + Oy (0™, )
X

Here C > 0 is independent of N.

Proof. (i) For any ¢ € (L> N Lip)(R%), we get

/Rd o) (/Rd vp (@, dv) (pU)(x)> dx

/ () (v — u(z)) p (dzdv) —|—/ o(z oM (z) — p(x)) dz
RA x R4 R

< l1¢ll~ (/ v - u(z dIdv>+||¢U||L°°mszdBL(P 9
R4 xR

1/2
<lolli~ ([ o= u)P ¥ asdo) )

+ (10l llull o + @l Lo lullLip + lull <l llip) dBL (P, p)-

(ii) Adding and subtracting, we notice that
[ een@) - peu= [ @-wo©-u ) +us ([ o - o)
R4 R Rd

+(/Rdqu(dv)—pu)®u+(p—pN)u®u.

This yields for ¢ € (L> N Lip)(R?)

/Rd o(x) (/Rd(v @ v) p (dv) — (pu)(z) @ u@)) do
< |l¢llr= /Rded lv —ul? N (dzdv) + 2||¢ul|L=~nrip dBI (/Rd v N (dv), pu)

+lélul* | Lenrip dpL(p™, p)-
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(iii) For any ¢ € (L N Lip)(R% x R?), we find

[ oleo) (0 () — ) () \
R4 x R4

/ p(z,v) p (dedv) — / o(x, u(z))p(z) do
R4 xR

Rd

/ (o(,v) — ple, ulz))) 1 (dedv) + / o, u(@)) (o — p)(a) da
R4 xRd

Rd

< llellLip /Rd g v —u(z)| p" (dedv) + ([l + el LipllullLip)dsr (0™, p)
X

1/2
<o [, lo- @ o))+ Clno, )
R4 xRd
OJ

2.3. Singular interaction potential cases: Coulomb and Riesz potentials. In this part, we discuss
the singular interaction potentials. Let d > 1 and consider a potential W has the form of

W(z)=|z|™® max{d—2,0}<a<d Vd>1 (2.10)

or
W(z) = —log|z| ford=1or 2. (2.11)

Note that the case « = d — 2 with d > 3 or (211 with d = 2 corresponds to the Coulomb potential, and
the other cases are called Riesz potentials. With these types of singular potentials, in a recent work [59],
the quantitative mean-field limit from the particle system (ILI) to the pressureless Euler-type system when
v =0,V =0 and ¢ = 0. More precisely, in [59], the following modulated free energy is employed to measure
the error between particle and continuum systems:

FYEOU@O) =5 [ W) - @) - o)) dady,
RIXRINA

where A denotes the diagonal in R? x R9,

Theorem 2.1. Let T > 0 and ZV (t) = {(z;(t),v;(t))}; be a solution to the particle system (1)), and let
(p,u) be the unique classical solution of the pressureless Euler system (L3 with nonlocal interaction forces

W, which is appeared in (ZIQ) or (ZI)), instead of W up to time T > 0 with initial data (po,up). Assume
that the classical solution (p,u) satisfies p € L>=(0,T; (P N L*>®)(R?)) and u € L>=(0,T; WH(R4)). In the
case s > d — 1, we further assume that p € L*(0,T;C°(R?)) for some ¢ > o —d + 1. Then there exists
B < 2 such that

[ o= (e i dado) + iy o 000 + [
R2 xR4 R xRI\A

W(z —y)(p" — p)(x)(p" — p)(y) dady

<C v —uo(x)[* g (daedv) + Cdip,(pgy' s po)
Re xR

v [ W=~ m)a)e) - po)(w) dody + CN2
R xRI\A
(2.12)
where C' > 0 is independent of N.

Remark 2.2. If the interaction potential W is singular at the origin, then the term related to W in (L)
should be replaced by + > jjzi VaW (i — ;) since W(0) can not be well defined. This is why the diagonal
A is excluded in the integration in the modulated potential energy.

Remark 2.3. If the right hand side of (ZI2) converges to zero as N — oo, then we also have the same
convergence estimates in Theorem [ 1]
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Proof of Theorem [21l For the proof, we only need to reestimate I3 term in the proof of Proposition 211
Although this proof is almost the same with that of [59], we provide the details here for the completeness of

our work. Let us denote by
N
1 —
Fim = 30 [ (wlaid).) = ) - VW (a0 = (o) dy
i=1

+ % Do (li(t),t) = vi(1)) - Va W (wi(t) — 5(2)).
i#£]
On the other hand, we find

d 1d d (1 =
%di Rded W (z —y)p(z)p(y) dwdy)
_ 1 VoW (s . X Vi W d
S —a) NZ/W — ) vinly) dy

i#]

N
- % ; Rd VoWV (@: = y) - (pu) (y) dy + /Rded VoW (@ — y)(pu)(@)p(y) dady.

Here we used
V. W(-z)=-V,W(x) for zecR\{0}.
This implies

=53 Lo TE D0 =A@ 90) ey
SIM LR ACEE ——Z - T =) )~ ot

+ / VoW (2 = y)(pu)(2)p(y) drdy.
Re xR

We next use [ZI3)) to get

1 N
N3 Zu(xz) VoW (zy — ) =
i)

N =

L3 (ul) — uly)) - VT — )
i

and
/ VoW (z — y)(pu) (2)p(y) dzdy = % / VoW (z —y) (u(@) — u(y)) p(a)ply) dzdy.
R4 x R4 R4 xR4
Thus we obtain
1d ~

Ii=—5— W(z —y)(p" = p)(@)(p" — p)(y) dwdy
RIXRINA
+ % / (u(z) — u(y)) - VoW (z — y)(p™ — p)(@)(p" — p)(y) dady.
R4 XRI\A

This together with the estimates in Proposition 2.1] yields
d 1
— EYENOWUm)+FY(ET@OIU®) + 29EMETRIU®) + D dlws — i)l — ul@)|®

S CEN(ZN(W)|U(t)) + Cdp(p™, p)
1

+3 (u(z) —u(y)) - VaW (@ —y)(pN = p)(@)(p™ — p)(y) dzdy.

2 Jraxri\a

(2.13)
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We then apply [59, Proposition 1.1] to have that the last term on the right hand side of the above inequality
can be bounded from above by

CFN(ZNW)|U(t) + ONP2
for some 8 < 2, where C' > 0 is independent of N. Applying the Gronwall’s lemma to the resulting inequality
concludes the desired result. g

3. COMBINED SMALL INERTIA & MEAN FIELD LIMITS: FROM NEWTON TO AGGREGATION

3.1. Proof of Theorem We first start with the case of smooth interaction potentials as in previous
section and apply a similar strategy to the proof of Proposition 2] to the system (LI7). Then we get

d on
ZEVET W) = (ZI>+I5,

where I;,i = 1,2,3,4 are the terms I;,i = 1,2,3,4 in [2.2) with replacing (p,u) by (p, %), and I5 is given by
1
I5 := N Zl(’ﬁ(wz) — ’Ui) - €.
This can be simply estimated as

N N
_ 1 C _
|15|§||a||LmNZ|a(xz _vz|<—_z u(x;) — v 4 Cen < NgN(ZN(t)|U(t))+CaN.

where C' > 0 depends only ||€|/L~, independent of N and ey. For the rest, we employ almost the same
arguments as before to have

(ZI> < ——EN(ZN( I (@) . N de —yi)lvi — al@:)|?

n %ﬂ(ﬂ(tﬂﬁ(t» O (o (), o 1)),

where C' > 0 is independent of N, €5, and v > 0. This yields
2y —-C . C
NN WU (®)) < ——dbL (0} (), p(-,1)) + Cen, (3.1)
EN EN
where C' > 0 is independent of N, ey, and v > 0. On the other hand, by Proposition [2:2] we can bound the
first term on the right hand side of the above inequality from above by
C N c [t -
o)+ = [ e @) ds

EN

d _
%5N(ZN(t)IU(t)) +

where C' > 0 is independent of N, ey, and v > 0. This together with integrating (3.1)) in time implies
N (2N (|77 2y =C [* N an 7 1 . 2
EETOUW) +—— ; £z (S)|U(s))ds+5—z ; P(@i(s) — yils))|vi(s) — u(xi(s), )" ds

. C
< EN (2N Ty) + 5d?gL(p{)V,ﬁo) + Cen.
We finally apply Gronwall’s lemma to conclude the desired result in Theorem

3.2. Singular interaction potential cases. Emilarly as before, Theorem [[L2] can be also easily extended
to the case with Coulomb or Riesz potentials W defined in (2I0) or (ZIIl). More specifically, we have the
following theorem.

Theorem 3.1. Let T > 0 and ZV (t) = {(z;(t),v;(t))}; be a solution to the particle system (1)), and let

(p, @) be the unique strong solution of the aggregation-type equation (L)L) with W, which is appeared
in @I0) or (ZII)), instead of W, in the sense of Definition [L2 up to time T > 0 with the initial data po.
Suppose that the strength of damping v > 0 is large enough and (p,u) satisfies p € L>(RY x (0,T)). We
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further assume that p € L>(0,T;C%(RY)) for some ¢ > o —d + 1 in the case s > d — 1. Then there exists
8 < 2 such that

B O+ [ W)Y = e o)) drdy
t v —a(z, s)|*pl (dedv) ds
[ ] o) Pul dede)a
<Cly (o) +C [ W= g)(el — o))~ po)ly) dady
R xRI\A

—|—C'EN/ |v — o (x)2pd (dzdv) + Ce%, + CNP~2
R4 xR4

and

LB (o () p( 1) + = / W — y) (o™ - p)(@)(0" — p)(y) dedy
EN EN JRIXRI\A

[ o atw ) Pul (dodo)
R4 xR4

C B C —~ _ _
<SS / W — 9) (o — o)) (0 — o) () dady
EN EN JRIxRI\A

NP2

—i—C(l—i—sN)/ |v — tg(z) | ud (dwdv) + Cey + C
Rd xR EN

for all t € [0, T], where C' > 0 is independent of en and N. In particular if

[ o= o) P (dad) < Ce
X

and

dB1 (Pl po) + / s W(z —y)(pd = po)(@)(py — po)(y) dedy < Ce¥
R4 x R4

for some C' > 0 which is independent of ey, then we have

(oM (), 51 1)) + /

R4 XRI\A

W(z —y)(p" = p)(@)(p" — p)(y) dedy < Ce3, + ONP 2

and
NB—2

/d , |v — a(z, t)|>ul (dedv) < Cey +C
R xR

for all t € [0, T], where C' > 0 is independent of en and N.

EN

4. LocAaL CAUCHY PROBLEM FOR PRESSURELESS EULER EQUATIONS WITH NONLOCAL FORCES

In order to make the analysis for the mean-field limit from the particle system (LI to the pressureless
Euler-type equations (3] fully rigorous, we need to have the existence of solutions for both systems. As
mentioned in Introduction, we postpone the existence theory for the particle system (1) in Appendix [A]
and here we provide local-in-time existence and uniqueness of classical solutions for the system (L3)). For
the reader’s convenience, let us recall our limiting system:

at/’"‘vm(/m):oa (Iat) ERdXRJﬂ
Or(pu) + Vi - (pu@u) = —pu — pV,V — pV, W % p

4 [ 0la = )als) — u(w) o) do

with the initial data:
(p(;v,t),u(x,t))|t:0 = (pO(CL'),UO(.’L')), x e R?.
Here we set the coeflicient of linear damping v = 1.
We first introduce the exact notion of strong solution to the system (@I]) that we will deal with.
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Definition 4.1. Let s > d/2 + 1. For given T € (0,00), the pair (p,u) is a strong solution of (@Il on the
time interval [0, T] if and only if the following conditions are satisfied:

(i) p e C([0,T): H*(R9)), u € C([0,T; Lip(R?) 1 L2, (R)), and V2u € C([0, T); H*~}(RY)),

loc

(i) (p,u) satisfy the system ([@I)) in the sense of distributions.

Notice that due to the choice of s in the previous definition, these strong solutions are also classical
solutions to (1)) in the sense of Definition [Tl Our main result of this section is the following local Cauchy
problem for the system ({@I).

Theorem 4.1. Let s > d/2+1 and R > 0. Suppose that the confinement potential V is given by V = |z|?/2,
the interaction potential V,W € WL NWL)(R?), and the communication weight function 1 satisfies

Y€ CLRY) and supp(y) C B(0, R), (4.2)

where B(0, R) C R? denotes a ball of radius R centered at the origin. For any N < M, there is a positive
constant T* depending only on R, N, and M such that if po > 0 on RY and

1pollz2s + [luoll L2(B(0,m)) + [[Vatol e + [[Vauol gos < N,
then the Cauchy problem (I has a unique strong solution (p,u), in the sense of Definition[{.1], satisfying

JSup (oG B)llzzs + luC,B)ll2so,m) + Vel Bl + [[V2u(, ) ge-r) < M.

Remark 4.1. The assumption on the communication weight function [E2) implies 1 € WHP(RY) for any
p € [1,00].

Remark 4.2. The L?>-norm of u on the ball is introduced due to the confinement potential V. In fact, if we
ignore the confinement potential V in the momentum equation in ([@I), then under the following assumption
on the initial data

lpoll s + [uollzr=+1 < N,
we have the unique strong solution (p,u) to the system [@I) satisfying

sup  ([lp(, O)llms + [[ul, )| ge+r) < M.
0<t<T™

4.1. Linearized system. In this part, we construct approximate solutions (p™, u") for the system (1) and
provide some uniform bound estimates of it.
Let us first take the initial data as the zeroth approximation:

(po(x,t),uo(a:,t)) = (pO(I)aUO(I))a (Iat) € Rd x RJr'

We next suppose that the nth approximation (p™,u™) with n > 1 is given. Then we define the (n + 1)th
approximation (p"*1, 4"*1) as a solution to the following linear system.

op 4w Vet 4 "IV L =0, (2,t) e REx Ry,
pn+1atun+1 + anrlun . vunJrl _ _pn+1un+1 _ anrl(VwV + wa*anrl)
+o" T (e —y) (" (y) = u(2)p" T (y) dy,
R
with the initial data
(p"(x,0),u"(x,0)) = (po(x),up(z)) forall n>1, xcR%
Let us introduce a solution space Vs r(T') with s > d/2+1 as
Yor(T) := {(p, w): p € C([0,T]; H*(R)),u € C([0,T]; L*(B(0, R))) N C([0, T]; WH>(R?)),
V2u e (0. T); H* ' (RY)) |

Then by the standard linear solvability theory [53], for any 7' > 0 we have that the approximation {(p™, u™)}22, C
Ys.r(T) is well-defined.
For notational simplicity, in the rest of this section, we drop z-dependence of the differential operator V.
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Proposition 4.1. Suppose that the initial data (po,uo) satisfies po >0 on R and
lpollrre + l[uoll L2 (B0, m)) + Vol Lo + [[V2uol| ot < N,

and let (p™,u™) be a sequence of the approximate solutions of [@3]) with the initial data (po,uo). Then for
any N < M, there exists T* > 0 such that

sup sup  ([[p" ()|l m= + [lu” ()l L2 o,y + VU™ (5 )| + IV (1) || gom1) < M.
n>00<t<T*

Proof. For the proof, we use the inductive argument. Since we take the initial data for the first iteration
step, it is clear to find

JSup ootz + u®C )l 2o, ry + VU (S )l Lo + V26 8) | pre-1)

= llpollar: + lluoll 250, r)) + Vol L= + |V uo || -1 < N < M.
We now suppose that

sup (0" ()l + w0 L2 (mo,ry) + IVU" (5 Oz + V2" ()| rem1) < M
0<t<Typ

for some Ty > 0. In the rest of the proof, upon mollifying if necessary we may assume that the communication
weight function 1) is smooth. Since this proof is a rather lengthy, we divide it into four steps:

e In Step A, we provide the positivity and H*®(R%)-estimate of p"T!:
@ t) >0 V(a,) eRIx[0,T] and [, 8)]lme < pollae M

for t < Ty, where C > 0 is independent of n.

e In Step B, we show W (R%)-estimate and L?(B(0, R))-estimate of u"+:
Va1 ) oo + [0 G0 L2 (so.r)) < I VtollLeee @Y ™D + [luoll L2(s(0,r)) + E(2)
for t < Ty, where C > 0 is independent of n, and E : [0,Tp] — [0,00) is continuous on [0, Tp]
satisfying F(t) — 0 as t — 0.
e In Step C, we estimate the higher order derivative of u"*!:
V20 s < (V20 1S4 + B(2)

for t < Tp, where C' > 0 is independent of n, and E satisfies the same property as in Step B.

e In Step D, we finally combine all of the estimates in Steps A, B, & C to conclude our desired result.

Step A.- We first show the positivity of p”t!. Consider the following characteristic flow ™! associated
to the fluid velocity u™ by

o™ (x,t) = u (" (z,t),t) for t>0 (4.4)

with the initial data "1 (z,0) = € R?. Since u™ is globally Lipschitz, the characteristic equations (@A)
are well-defined. Then by using the method of characteristics, we obtain

Btp"H(nnH(% t),t) = _p"+1(77"+1(x, t),t)(V - U)(nnJrl(xv t),t),

and applying Gronwall’s lemma yields

P )0 = pole) e (= [(7 ) dr) 2 pola)e >0

We next estimate H*-norm of p"*1. We first easily find
d

1" e < CIVatesllo™ 7 < OM|lp"HIZe,

d
Ve e < CIVU |l [V I + ClIVZa [ 2 llp™ eI V™ 2 < CM " e [V o™ 12,
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and
1d b
- \V4 n+1 2d
2dt /Rd VEpr | de
_ _/ vkpn—i-l . (un . vk—i—lpn-i-l) dr — / Vkpn—i-l . (Vk(vpn—i-l un) . vk—i—lpn-i-l) dr
Rd Rd
_ vpn+1 . (Vk(v . un))pn-i-l dr — / vkpn-i-l . (Vk(pn-‘rlv . un) _ pvk(v . un)) dr
Rd Rd
4
i=1
for 2 < k < s. Here we use Moser-type inequality to estimate I;,7 =1,--- ,4 as

I < ||Vu" ||| VFp 7. < OM|IVFp 3,
I < [ VR(Vpm T oum) — - VR | [ VR o e
< C([IVFu™ 2] Vo™ | Lo + | VU™ | oo [V ™| 2) [VF o™ T 2
< CM||Vp™ | o= | V™| 2,
Is < lp" o [VFp" | 2 [ VF ™ 2 < CM|p" | 1= (V5™ 2,
I < [VF(p" TV - u™) = p" TRV w2 [ VR | 2
< C (VR 2 V™ Lo + Vo™ | oo [ VR | 22) [VF o™ 2
< CM||Vp™ | o= | VEp" | 2.

Combining all of the above estimates entails

d .
EHP"“HH& <COM|p" Mue, e, o™ me < ol aeeCM, (4.5)

for t < Ty, where C' > 0 is independent of n.

Step B.- Due to the positivity of p"*1, it follows from the momentum equation in 3] that u™*! satisfies
O ™ VT = " - YV - VIV % p" T / Yz —y)(u"(y) —u"(2))p" " (y) dy. (4.6)
R4
Taking the differential operator V to ([£L0) gives
VUt o Vi = —Vu VT — Yt T — VIV« VL

+ [ @) = (@) © Vailo = )" ) dy 0

A G R OL
where we used VV = z and [; denotes the n x n identity matrix. Note that
|Vu" Vu" T < M| Va" T, t) || e
and
VW x V| oo < (VW |12 V" 2.
We also estimate the last terms on the right hand side of [@1) as
/Rd (u"(y) — u"(2)) ® Varo(z — y)p" ' (y) dy’ < /| " (y) — u"(@)[|Varb(z = y)|p" (y) dy

z—y|<R

<Vl [l all Vet - )l ) dy
lz—y|<R

< IV || BRIVl 2 llp" ) 2
< MY 2l e
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and

‘VU" G ¥)r" T (y) dy} <NV lpe 9l z2llp™ e < CM ]| z2]lp" | 2
R
These estimates together with integrating (7)) along the characteristic flow 7"+ implies
t t
T D) < [Valm + O [ EITum ) o dr +- O+ M) [0 ) e
0 0
By using Gronwall’s lemma, we obtain
t
IV ()| e < [V e+ C(1 + M)/ ") e dr
0
t §
+CM(1+ M)eCMt/ e_CMg/ e || p" T, ) || e drde.

0 0

This together with (L5 asserts
Va1 (Ol < [ Vuoll el M0 + By (2), (4.8)

where E; : [0,To] — [0,00) is continuous on [0, Tp] satisfying Fy(t) — 0 as t — 0T.
For the L?-estimate of v on B(0, R), we multiply (Z6) by u"! and integrate it over B(0, R) to yield

/ |u" T2 do = / e (—u Vet — T - YV = VW K p™ ) da
B(0,R) B(0,R)

N =
SR

un—i—l. T — u™ —u(z n+1 T
# ot (L= e @) @ dy)

<NV e lu™ | L2 o.m) ™l L2 (80.8)) — 4" 720800, )
+ Rl M| i so.r)) + CUP" e + 10" lpo) [ 1 (0,
+ [IVu |z Rl L2l 0" | 22 1w | L1 B0, ) -

Here we used

g Pz —y) (" (y) — u™(x)p" T (y) dy' < / Pz —y)u"(y) —u ()" (y) dy

z—y|<R
<Vl [ wle - gle - ule ) dy
lz—y|<R

< IVl Rl ) 2]l 0" | -

Thus we obtain
d
§||“"+1||L2<B<0,Pz)> < CM|Vu™ g + C(1+ (14 M)|[p" | ae),

where C' > 0 depends only on R and ||| 2. Integrating this over [0, ¢] with ¢ < T, and using the estimates

(@35) and J) imply
[u" N 22(B00,m)) < lluollz2(s(o,r)) + E2(t), (4.9)

where Es : [0,Tp] — [0, 00) is continuous on [0, Tp] satisfying Fa(t) — 0 as t — 0T.
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Step C.- For 2 < k < s+ 1, we find
1d
2dt Jpa

= —/ Vhy . (- VR ) d — VEu - (VFu™ - Va1 — o VLT dy
R R

[VFu 2 d

—/ |Vkun+1|2d:1:—/ V"t VR (VW % pn ) da
R4 R

4 / TRt F [z — ) () — un(@))p" () dyda
Rd Rd

5
k=1
where J; and J can be estimated as
J1 <[ Vu" | oo [ VEu 72 < M| VFu |7

and
Jo < C (VR0 2 [ Vu" Y oo + (| V™| oo [ VFu Y| p2) [ VR0 2
< CM(|Vu" oo + [[VEa™ | L2) [ VFu" Y| o

For the estimate of Jy, we use the fact that W is the Coulombian potential to deduce

|Ja] =

/ |Vkun+l||v2W*vk—lpn+l| dx < ||Vk’un+l||L2||V2W||L1||Vk_1pn+1||L2.
Rd

We next divide J5 into two terms:

Ly (k> [, T @ - ) VE ) — () ) dyds

k - n n
T ()AdXRdka"*l<w>Viw<x—y>v§ “u ()p" (y) dyda

0<0<k—1 ¢

+ / VEGH () VR (@ — ) (" (y) — u™(2)p" () dyde
R4 x R4

=:J3 + JZ.

Note that

[ T @)V - )V w0 ) dyda
X

[ TRt @) Vts — )V @) ) dydo
X

[ b =)V @) VA @)V ) dyde
X

Thus for { = k — 1 we get

[ b= i)V @)V @)V ) dyd
X

<Vl [ b= )[R @[T )] dyd
R4 xR

< IV [z )| [V u e [V 2
< CM || VFum |2 [ VE 1o 2
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and for 0 < ¢ < k — 2 we obtain

/ (@ —y) ViU (@) VEu (2) V5 p" T (y) dyda
Rd xR

< VR 2 |V el 21V | 2

< OM|[ VR 2|V 0™ 1| .

This asserts

n k n n -1 n
J3 < CM||VEa™ e Y- (€>||Vep gz + OM V|2 [ V" e
0<t<k—-2

< OM||V* " allp™ | s

Similarly, by integration by parts, we notice that

/]RdXRd vkun+1($)vl§w($ _ y)(un(y) _ un(x))anrl (y) dyd;v

N / V@V Ve - ) () - o (2)p" ) dyda

= /Rd y Vkun-i-l (x)vmw(x — y)vllj_l ((uﬂ(y) _ Un($))pn+l(y)) dydz

k—1 " s . .
= Z ( / )/]Rded Ve +1(x)vm¢(x—y)vz 1 é(u (y) —u (x))Vip +1(y)dyd:1c _

0<e<k—1
On the other hand, we find

Lo VT @Vl = )" () = o (@) V5 ) dyd

< [IVu"|[pe~ / . IVFu" (@) Vo (z = y)llz — yl |V~ o (y)] dyda
T—Y|>

< RIVu™ | o 9l o [ VFu™ |2 [ V7 0" e
< OM||VE " 2| VE 1o | e,

and

Lo T @) Vebla = )V )V ) dyda
X

< | Vu" / V@)Vt = IV )] dyda
d Rd

<V | Lo |Vl o [ VFu L2 [ V20" 2
< CM|V U 2| VE 2 oY .
Moreover, for 0 < ¢ < k — 3 we obtain
/ VR (@) Vo (z — y) V" (y) Vi p" T (y) dyde
R4 xRd

< IVF T 2 |V 2 | VE ™| 2 | V™ | e
< OM||VFu" | 2| V™ .

Thus we have
n k—1 n n —2 n
Y e D S G [ PR P
0<<k—3
< CMIV | L2 |0 g,

and subsequently we get
Js < CMIIVFum | o ™ g



MEAN-FIELD LIMITS: FROM PARTICLE DESCRIPTIONS TO MACROSCOPIC EQUATIONS 25

We finally combine all of the above estimate to have
d
TNV e + IV e < OV [ gros + CM VU™ o + CM 0" 1,

and applying Gronwall’s lemma gives
[V2u | o1 < ||V 2uo]| gro—1e9M + E3(t), (4.10)

where we used the estimates in Steps B & C and Es : [0,7p] — [0,00) is continuous on [0, Tp] satisfying
Eg(t) —0ast—0F.

Step D.- We now combine ([&3), (£8), (£9), and (I0) to have
™ O s + IVu ™ ) oee + 1u T )z 0,r) + 1V e (4.11)
< poll =M + [ Faagl eI 4 g a0,y + 1720011 eCM + Bt

for t < Ty, where C' > 0 is independent of n, and E : [0,Tp] — [0,00) is continuous on [0, Tp] satisfying
E(t) — 0ast — 0%. On the other hand, the right hand side of {@.II]) converges to ||pol| z= + |[uol L2(B(0,r)) +
[Vug|ln + ||[V2uol||gs—1 as t — 0F and that is strictly less than N. This asserts that there exists T < Ty
such that

S 1"t me + [Va T ) e + a0 2 s, my) + V20" [ o1 < M.

This completes the proof. 0

4.2. Proof of TheoremH.Il We first show the existence of a solution (p,u) € Vs r(T%). Note that p" ™! —p"
and u"t! — u™ satisfy

at(anrl _ pn) 4 (un _ unfl) . Vanrl 4 unfl . v(pn+1 _ pn)

4.12
+ (pn-i-l _ pn)v cu” 4 pnv . (un _ un—l) -0 ( )

and
8t(un+1 _ un) + (un _ un—l) . vun-i-l + un—l . V(un—i-l o un)

= —(W"t —u") = VWK (p" = p") + » Pz —y) (" (y) — v (¥)p" " (y) dy

= (u"(z) —u""(x)) / Yz —y)p" T (y) dy + / Uz —y) (" (y) = u" (@) (" = p")(y) dy,
R4 R4

respectively. Then multiplying @I2) by p"*! — p" and integrating it over R? gives

(" "t = p™) ()12 < O/Ot (1™ =) )72 + (W™ = w7 F ) dr, (4.13)
where C' > 0 is independent of n. On the other hand, for £ = 0,1, we find
%% g [VF @ —u™)|? dz

= — /Rd V" —u™)VF (0 —u" ) - Va ) da
— /Rd VF " —u")VF (v V(T —u™)) da
~ L |VE (" — ™)) da — /R VE@ T — M)V (VW % (p" T = p) (2)) da
s [ v e ([ ot ) - ot w dy) o
- [t et () ) [ v -t ) dy) do

s [ et e E ([ ot i) - o) - ) dy ) de = 3K

Rd
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where we easily estimate

3
> K < Ot — | + Ol — .
i=1

Here C' > 0 is independent of n. We next use the following estimates

[ = @) (W (7 = ) ) do| <l =TI sl =

< Cllu™ =gl o™ = p" e

and

- V(™ —u) (@) : (VW x (p"F = p")(2)) do

to have Ky < Clju™™ —u"||3,, + C||p"* — p"||3.. For the rest, if k = 0, then

< [IVEW L[V (@™ = u™)l|z2 " = "2

K5 < ™™ = w2 @l 2 lu™ = a2 0" lze < Cllu™ = w72 + Cllu” — u" 22,
Ko < "™t — a2 flu” — w2 @l 2l 0" 22 < Ol — w72 + Ollu” — w7 Y|,
K7 < RIVa" e [9 ]l mallu*t = w2 0" = o2 < Ol — w72 + Ol p" ™ = p"|172.
On the other hand, if k£ = 1, we obtain
Ks < V(™ — )| 2|V g2 la™ — = llo™ |2 < CIV @™ = um) g2 + Cllu” = a2,
Ko < V@ = )2 (190" = a6l 22 + lu” =] [V 2) 17+ o
< OV @™ = um) |12 + Cllu” — a2,
K7 < V™™ = a2 (RIVE" Lo [Vl 1 4 9] 1 [V pee) 074 = o™ 12
< OV @™ = um) 12 + Cllpm = o7

We now combine all of the above estimates to have

d _
Sl = e < Ol + Cll® = s+ Ol =

and subsequently this yields

1™ = u™) () < C/O (1™ = o™ G T + (™ = w1 ) ) dr,

where C' > 0 is independent of n. This together with ([@I3]) asserts that (p™,u™) is a Cauchy sequence
in C([0,T]; L3(R%)) x C([0,T]; HY(R)). Interpolating this strong convergences with the above uniform-in-n
bound estimates gives

Pt —p in C([0,T.]; HHRY), "™ —wu inC([0,T.]; HY(B(0,R))) asn — oo,
Vu™ — Vu in C(R? x [0,T.]), and V?u™ — V?u in C([0,T.]; H*"2(R%)) asn — oo,

due to s > d/2 + 1. We then use a standard functional analytic arguments, see for instances [25, Section
2.1], to have that the limiting functions p and w satisfy the regularity in Theorem LTl We easily show that
the limiting functions p and w are solutions to ([@I]) in the sense of Definition

We finally provide the uniqueness of strong solutions. Let (p, u) and (p, @) be the strong solutions obtained
above with the same initial data (pg, ug). Set A(t) a difference between two strong solutions:

A) = llp(t) = o D)llze + llulst) = al, )l -

Then by using almost the same argument as above, we have
t
A(t) < C’/ A(s)ds with A(0) = 0.
0

This concludes that A(t) = 0 on [0, T%] and completes the proof.
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APPENDIX A. WELL-POSEDNESS OF THE PARTICLE SYSTEM

In this appendix, we study the global existence and uniqueness of classical solutions to the particle system
D@2

Let us first consider the case with singular interaction potentials with d > 2. In this case, we can use the
repulsive effect from the interaction forces, and this also enables us to have the uniqueness of solutions.

Theorem A.1. Let d > 2. Suppose that W is of the form [ZI0) or (ZII) and the confinement potential V

satisfies either V. — +00 as || = oo or V.V has linear growth as |x| — oco. If the initial data xo satisfy

min |=Ti0 — :vj0| > 0.
1<iAj<N

Then there exists a unique global smooth solution to the system (LI)—([LC2) with W instead of W satisfying

€= max fo(®) = a;(0)] = min foi(t) = oy ()] >0

fort >0, where C' > 0 is independent of t.
Proof. For the proof, we first introduce the maximal life-span Ty = T'(x) of the initial data data xq as
To := sup {s > 0 : solution (z(t),v(t)) for the system (LI]) exists up to the time s}.

Then by the assumption and continuity of solutions, we get Ty > 0. We now claim that Ty = oo and for this
it suffices to show that there is no collision between particles for all ¢ > 0 and that particles cannot escape
to infinity in finite time.

A straightforward computation yields

2dtz| 1|2 _'YZ|UZ|2 Z i+ Vo V(i)

=1

——Z’Uva i —@5) + ;,Zlﬁ(wi—wj)(vj—vi)'vi

i#] 4,j=1

for t € [0,T). Note that
N

d N
i=1

i=1

and
1L~ 1 —
2thZW z; —W;Vzw(%—%)'(vi—v;‘)—N;Vzw(xi—%)'vu

where we used VW(—x) = —VW(x). Similarly, we also find

N
Z @i = a5) (v =) v = = Zw z)lo; = vil?

3,5=1

Combining all of the above estimates, we obtain
d N
a]: z,v +’YZ|”Z| + Z‘/’ Ti — Tj |”J_Uz| =0

1]1
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for t € [0,Tp), where FV (z,v) denotes the discrete free energy given by

1N N 1 X
N o 2 ) - W(r — 7.
FN(z,v) = §Z|vl| +ZV(3§Z) + 5w ZW(% ;).
i=1 i=1 i#£]
If d = 2, then we have either

N
1 1 N 1 N
W ey =7 @) o =g ) Jogkn(t) = (B £ 7 a0, w),
i) i#£]
where « € (0,2). On the other hand, if d > 3, we obtain

1 > 1
< 7:N
2N e fai(t) — i ()]~ (w0, v0)

for all t € [0,Tp), where o € (d—2,d). Since the right hand side of the above inequality is uniformly bounded
in ¢, we conclude Ty = oo for the case d > 2. An upper bound estimate of the distance between particles is
a simple consequence of the uniform-in-time bound estimate of the free energy 7V due to the confinement
potential whenever is present. If V' = 0, one can obtain that particles cannot escape to infinity in finite time
as soon as V,V has linear growth as |z| — oc. O

Remark A.1. If the interaction and confinement potentials W and V are regular enough, i.e., V;W €
WhE(RY) and V.,V € WH(RY), we have global-in-time existence and uniqueness of solutions by the
standard Cauchy-Lipschitz theory. Moreover, an uniform-in-time bound of the distance between particles can
also obtained due to the confinement potential if V. — 400 as |xz| — oo.

Let us finally comment on the one dimensional case. If d = 1 and the interaction potential W is given by
@2I1), then we apply Theorem [A] to get the global unique classical solution and uniform-in-time bound
estimate. If W is given by the Coulomb potential, i.e.,

o1 _ )T ifz#0
W' (x) = 2sgn(:v), where sgn(z) := . (A1)
0 ifz=0

Thus the interaction force —W' is discontinuous, but bounded. In this sense, it is not so singular compared
to the other cases. Since the velocity alignment force is regular, we can use a similar argument as in [45]
Proposition 1.2], see also [7, [36], to have the following proposition.

Proposition A.1. Let d = 1. For any initial configuration ZN(0), there exists at least one global-in-time
solution to the system of (L)) with (AJ)) in the sense that (z;(t),v;(t)) satisfies the integral system:

t
xi(t)::vi(O)—i—/vi(s)ds, i=1,...,N, t>0,
0

v;(t) _vi(())—ﬂy/o vi(s)ds—/o V’(a:i(s))ds—%Z/o W' (xi(s) — z;(s))ds

i
N
+ % ;/0 V(wi(s) — z;(s))(v;(s) — vi(s)) ds.

Even though Proposition [A.1] does not provide the uniqueness of solutions, it is not necessary for the
analysis of mean-field limit or mean-field /small inertia limit from the particle system ([II) to the pressureless
Euler system ([3]) or the aggregation equation (LA4).
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